Intrinsic Geometry

The Fundamental Form of a Surface

Properties of a curve or surface which depend on the coordinate space that
curve or surface is embedded in are called extrinsic properties of the curve. For
example, the slope of a tangent line is an extrinsic property since it depends on
the coordinate system in which rises and runs are measured.
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In contrast, intrinsic properties of surfaces are properties that can be measured
within the surface itself without any reference to a larger space.

For example, the length of a curve is an intrinsic property of the curve, and
thus, the length of a curve p (¢t) =r (v (t),v (¢)), t in [a,b], on a surface r (u, v)
is an intrinsic property of both the curve itself and the surface that contains it.
As we saw in the last section, the square of the speed of p (t) is

ds\ > du\? du dv dv?
() =on () v2me () () o= ()
in terms of the metric coefficients
g11 =Ty Ty, g12 =Ty Ty, and gaa =Ty Ty
Thus, very short distances ds on the surface can be approximated by
(ds)? = g11 (du)® + 2g12dudv + g (dv)® (1)

That is, if du and dv are sufficiently small, then ds is the length of an infinites-



imally short curve on the surface itself.
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Equation (1) is the fundamental form of the surface, which intrinsic to a surface
because it is related to distances on the surface itself. Moreover, any properties
which can be derived solely from a surface’s fundamental form are also intrinsic
to the surface.

EXAMPLE1 Find the fundamental form of the right circular cylin-
der of radius R, which can be parameterized by

r(u,v) = (Rcos(u), Rsin (u) ,v)

Solution: Since r, = (—Rsin (u), Rcos (u),0) and r, = (0,0,1),
the metric coefficients are

g1 = ry-r, = R%sin® (u)+R2 cos? (u) +0% = R?
gi12 = rurv:0+0+0:0
g2 = T,1,=0"+0"+1*=1

Thus, ds? = R?du? + dv?.

If the parameterization is orthogonal, then g5 = r,, - r, = 0, so that
ds® = grdu® + goodv?

For example, the xy-plane is parameterized by r (u,v) = (u, v, 0) ,which implies
that r, =1iand r, = j and that g11 = goo = 1, g12 = 0. The fundamental form
for the plane is

ds® = du® + dv*



which is, in fact, the Pythagorean theorem. Moreover, distances are not altered
when a ”sheet of paper” is rolled up into a cylinder, which means that a cylinder
should have the same fundamental form as the plane.
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Indeed, if R = 1 in example 1, then ds? = du?® + dv?.

EXAMPLE 2 Find the fundamental form of the sphere of radius
R centered at the origin in the spherical coordinate parametrization

r(¢,0) = (Rsin (¢) cos (0), Rsin (¢) sin (0) , R cos (¢))
Solution: To do so, we first compute the derivatives ry and ry:

ro = (Rcos(¢)cos(f),Rcos(¢)sin(f),—Rsin(¢))
rg = (—Rsin(¢)sin(0),Rsin(¢)cos(d),0)
It then follows that
ry- -ty = R?cos®(¢)cos? (0) 4+ R?cos? (¢)sin? (0) + R*sin? (¢)
= RZ%cos? (¢) + R?sin? (¢)
= R?
and thus, g;; = R?. Moreover, spherical coordinates is an orthogonal

parameterization, which means that ry - rg = 0. Thus, gi12 = 0.
Finally, goo is given by

goz = 1o -9 = R%sin’ (¢) sin? (A) + R?sin’ (¢) cos? () = R?sin? (¢)

As a result, the fundamental form of the sphere of radius R is given
by
ds* = R%d¢® + R?sin’ (¢) d6” (2)



That is, the ”"hypotenuse” of a spherical ”right triangle” corresponds
to a ”horizontal” arc of length Rsin (¢)df and a "vertical” arc of
length Rd¢.

Check Your Reading: Is the Pythagorean theorem intrinsic to the zy-plane?

Normal Curvature

If P is a point on an orientable surface ¥ and if r (u,v) is an orthogonal para-
meterization of a coordinate patch on ¥ containing P, then there is (p, ) such
that r (p,q) = P. Thus, for each 6 in [0, 27|, the curves

po (&) =r(p+tcos(f),q+tsin())

pass through P (i.e., p,(0) = r(p,q) = P ) and the tangent vectors pj (0)



point in a different direction in the tangent plane to X at P.
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Indeed, every direction in the tangent plane is parallel to pj, (0) for some 6.

Consequently, the curvatures of pgy (t) at P represent all the different ways
that the surface "curves away" from the tangent plane at P. Correspondingly,
we define ky, (6) to be the component of the curvature of p, (¢) at P in the
direction of the unit normal

r, X Ty,
n=-——"-—
[[ru X 1ol

In particular, the normal curvature satisfies v? ky (6) = pjj (0) - n, so that

g - Po(0)-n
O = or ¥

The unit surface normal n is not necessarily the same as the unit normal N
for the curve. They may point in opposite directions or even be orthogonal —
e.g., the normal N to a curve in the zy-plane is in the xy-plane itself yet n = k
for the zy-plane. Thus, the normal curvature s, (0) is a measure of how much
the surface is curving rather than how much the curve is curving.
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That means that &, (6) may be positive, negative, or even 0 — e.g., the normal
curvature of the xy-plane is 0 even though there are curves in the zy-plane with
nonzero curvature.

EXAMPLE 3 Use (??) to find the normal curvature kn () for the
cylinder
r (u,v) = (cos (u) ,sin (u) ,v)

at the point r (0,0) = (1,0,0).

Solution: The curves p, (t) =r (tcos (f),tsin (0)) are given by
Py (t) = (cos (tcos (8)),sin (t cos (#)) , tsin (9))
Differentiation with respect to t leads to

py = (—sin(tcos(0))cos(0),cos (tcos(0))cos(0),sin (6))
py = (—cos(tcos(0))cos®(6),—sin (tcos (6))cos® (6),0)

so that at ¢t = 0 we have

Py (0) = (—sin(0)cos(6),cos (0)cos(0),sin (0)) = (0, cos (6),sin (#))
py (0) = (—cos(0)cos® (), —sin(0)cos® (0),0) = (—cos*(6),0,0)

The partial derivatives of r (u,v) are
Ty = <_ sin (U’) , COS (U’) ) O> ’ ry = <07 0, 1>

which are both unit vectors. It follows that r, (0,0) = (0,1,0) = j
and r, = (0,1,0) = k. Thus,

n=r,(0,0) xr, (0,0)=jxk=i
Since pj (0) is a unit vector, we have

- Py (0) - n _ (—cos®(0),0,0) -i = —cos® (0
19} (0)] ! "

Kn (0)

Because the normal curvature x, (0) is a real-valued continuous function over 6
in [0, 2], there is a largest k1 and a smallest ko curvature at each point. The
numbers k1 and k2 are known as the principle curvatures of the surface r (u, v) .

In example 3, the largest possible curvature is k1 = — cos? (7/2) = 0 in the
vertical direction, and the smallest possible curvature is ky = —cos? (0) = —1



in the horizontal direction.

The average of the principal curvatures is called the Mean curvature of the
surface and is denoted by H. It can be shown that if C' is a sufficiently smooth
closed curve, then the surface with C' as its boundary curve that has the smallest
possible area must have a mean curvature of H = 0.

For example, consider two parallel circles in 3 dimensional space.




The catenoid is the surface connecting the two circles that has the least surface
area, and a catenoid also has a mean curvature of H = 0.

Surfaces with a mean curvature of H = 0 are called minimal surfaces because
they also have the least surface area for their given boundary. For example,
a soap film spanning a wire loop is a minimal surface. Moreover, minimal
surfaces have a large number of applications in architecture, mathematics, and
engineering.

Check your Reading: Is the normal curvature of the cylinder ever posi-
tive?

Gaussian Curvature

In contrast to the mean curvature of a surface, the product of the principal
curvatures is known as the Gaussian curvature of the surface, which is denoted
by K. For example, the Gaussian curvature of the cylinder in example 2 is
K = —1-0=0 and the Gaussian curvature of the Enneper minimal surface is

2 2 4
(u? +v2 4+ 1)4

(W2 +0v2+1)° (W2 +0v2+1)°

As another example, consider that since the geodesics of a sphere with radius
R are great circles of the sphere, they each have a curvature of kK = 1/R. Thus,
the principal curvatures must be k1 = 1/R and k2 = 1/R, so that the curvature

of a sphere of radius R is
1

R2

Curvature is in general an extrinsic property of a surface. For example, mean
curvature H is extrinsic because it depends on how the surface is embedded in a 3
(or higher) dimensional coordinate system. In contrast, the Gaussian curvature
K is an intrinsic property of the surface. This is a truly remarkable theorem,
one that was proven by the mathematician Karl Gauss in 1827.

In particular, if we use the comma derivative notation to denote partial
derivatives of metric coefficients with respect to v and v

K =

3922
ov

5911
Jii,u = and 9220 =
ou

then we can state Gauss’ remarkable theorem as follows:

Theorem Egregium: Let r (u,v) be an orthogonal parameteriza-
tion of a surface and let g = (911922)1/2 be the metric discrimanent
of the fundamental form of r (u,v). Then K is an instrinsic prop-
erty of the surface since can be expressed in terms of the metric



coeflicients by
“1{9 (g1 0 (9g22,u
K=—|=— : — : 4
29{3v<9>+<%<9>} W

Since K is given in terms of the metric coefficients of the fundamental form, it
is an intrinsic property of the surface.

blueEXAMPLE 4 DblackIn example 2, we showed that the funda-
mental form of a sphere of radius R is given by

ds®> = R%*d¢® + R*sin’ (¢) db*

Use the Theorem Egregium to calculate the curvature of the sphere.

Solution: Since gi; = R? and goy = R?sin? (¢), the comma deriv-
atives are

911,06 =0 and  gas.s = 2R?sin (@) cos (@)

The metric discriminant is given by
g =1/ R? (R?sin® ¢) = R?sin (¢)

so that

= i [0+ g Geos (@)

_1 .
= m [—2sin (¢)]
1
Rr?

The Theorem Egregium is simpler still — and also more easily interpreted — for
a parameterization r (u,v) that is conformal. Specifically, a conformal parame-
terization is orthogonal and has ||r,|| = ||ry||, which in turn implies that

g = g11 = g22



The formula for K reduces in this case to
-1 a 9v 8 Gu
K = — |2 (&) 2 (%
29 [5'0 (9)+3u (gﬂ
170 (0 o (0
= 5 |0 (500) + 3 (a0
since 9, In (¢) = g, /g and 9, In (g9) = g./g. That is,

_ 1 [Pl(g)  &ln(g)
2 ou? ov?

for a conformal surface.

EXAMPLE 5 A coordinate patch on a right circular cone is para-
meterized by

r(u,v) = <e“ cos (\/ﬁv) ,e"sin (\/iv) ,e“>
Find its fundamental form and use the Theorem Egregium to calcu-

late the curvature of the surface.

Solution: Since r, = <e“ cos (\/ﬁv) ,e%sin (\/?U) ,e“> and
r, = <—e"\/§sin (\/ﬁv) ,e"V/2 cos (\/iv) ,0>

the metric coefficients are
g11 = Ty-T, = e cos? (v) + e sin? (v) + e = 2e%*
gz = T, -1, =2e*sin? (v) + 2e* cos? (v) = 2e**
Thus, the fundamental form is conformal
ds? = 2¢* (du2 + dvz)
and g = e?*. Thus,
—1 [0%In (e*® 0% 1n (e2v
oo L [EmE) o
2e2u ou? ov?

1 [62(2u)+82(2u)}

2e2v | Qu? Ov?
= 0
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Because K is intrinsic, the Gaussian curvature of a surface can be measured by
”inhabitants” of the surface without regard to the larger space the surface is
embedded in. For example, a person could measure the curvature of the earth’s
surface even if he was blind and could not see that the earth was situated in a
larger cosmos.

Similarly, if one surface is mapped to another without changing distances,
then the two surfaces are said to be isometric. Intrinsic properties, such as
Gaussian curvature, are invariant over isometries. For example, a plane has a
Gaussian curvature of 0 and a cylinder likewise has a Gaussian curvature of 0,
which follows from the fact that a plane can be rolled up into a cylinder without
"stretching" or "tearing" — that is, without changing distances between points.

Check your Reading: What is the Mean curvature of a sphere of radius
R?

The Poincare’ Half-Plane

Intrinsic geometry also means that we can define and study abstract surfaces
that cannot be embedded in 3-dimensional space; or similarly, that we can de-
termine the intrinsic geometric properties of space-time without having "space-
time" embedded in a larger space.

For example, we can define a new geometry on the plane by giving it a non-
FEuclidean fundamental form. How would we know that it was truly different?
This is exactly what Henri’ Poincare’ did when he introduced the fundamental
form i 4 du?

U v
= (6)
to the upper half of the uv-plane. The result is called the Poincare half-plane
and is a model of hyperbolic geometry.

If we use (6) to measure distances, then the geodesics are the vertical lines
and semicircles parameterized by

ds
v

uw= Rtanh (t) +p, v= Rsech(t), tin (—o0,0)
for R and p constant. For example, because distances become shorter as v

increases under the Poincare metric (6), the distance from (—1, 1) to (1,1) along
a semi-circle of radius v/2 centered at the origin is 1.7627, which is shorter than
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the distance of 2 from (—1,1) to (1,1) along the line v = 1.
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Thus, vertical lines and semi-circles centered on the u-axis are the "straight
lines" in the Poincare half-plane. Through a point P not on a semi-circle, there

are infinitely many other semi-circles centered on the z-axis that pass through
P.

3 2 a1 23

Thus, in the Poincare half plane, there are infinitely many ”parallel lines” to a
given ”line” [ through a point P not on [.

$

/i

Finally, we can use the Theorem Egregium to calculuate the curvature of
the Poincare half-plane. In particular, since ds? = v=2du? + v~2dv?, the metric

[ 1
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coefficients are g11 = goo = v—2. Thus,

J11,0 = —2v73, 9220 =0, and g=g119220 = v
The theorem Egregium thus yields

t 2F[av<\/2£3> ( 34)]

. —-170

T w2 [81} (-2 }
-1 Y

T g2 (207%)

= -1

Thus, the curvature of the hyperbolic plane is K = —1. That is, the hyperbolic
plane is a surface of constant negative curvature, and as a result, it cannot be
studied as a surface in ordinary 3 dimensional space. Instead, all information
about the hyperbolic plane must come from the intrinsic properties derived from
its fundamental form.

Exercises
Find the first fundamental form of the given surfaces. Explain the relationship
of the fundamental form to the given surface.

1. r=(u,v,u) 2. = (u,v,u + v)

3. r = (vsin(u),vcos(u),v) 4. = (vsin (u), v, v cos (u))
5. r = (sin (u) cos (v),cos (u) ,sin (u) sin (v)) 6 = (sin (v) sin (u) , cos (v) sin
7. r = (sin(u) cosh (v),sinh (v), cos (u) cosh (v)) 8 = (sin (u) cosh (v) , sin (u)

Show that each parameterization is orthogonal and then determine the normal
curvature of the surface. Then determine the principal curvatures, the Mean
curvature, and the Gaussian curvature of the surface. Which surfaces are min-
imal surfaces? Which are Gaussian flat (i.e, K =10)¢

9. r(u,v) = (v,sin(u),cos (u)) 10.  r(u,v) = (cos (u),v,sin (u))
11. r(u ,v) (u, v, u) 12, r(u,v) = (u,v%u)
13. r(u,v) = (u cos( ),usin (v),u) 14.  r(u,v) = (u?cos (v),u*sin (v), u)
15, r(u,v) = (e, e " v) 16.  r(u,v) = (", e ", v?)
17. r(u,v) = (e”sin (u ) e’ cos (u),e” ") 18.  r(u,v) = (e"cos (v),e*sin (v),u)

Use the theorem FEgregium to determine the Gaussian curvature of a surface
with the given fundamental form.

19.  ds? = du? + e*dv? 20. ds? = v2du? + v2dv?
21.  ds? = v2du? + dv? 22.  ds? = 4u2du? + 8v2dv?
23, ds? =vidu® + (4% + 1) dv? 24.  ds? = du? + sec? (v) dv?
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25. Find the normal curvature and principle curvatures of z = z2 — 2 at

(0,0,0) . Does the function have an extremum or a saddle point at (0,0,0)?
26. Suppose a surface has a fundamental form of

ds® = du® + e*F dv?

where k is a constant. What is the Gaussian curvature of the surface?
27. In latitude-longitude coordinates, a sphere of radius R centered at the
origin has a fundamental form of

ds® = R%dp? + R? cos® (i) dO?

Apply the Theorem Egregium to this form to determine the curvature of the
sphere intrinsically.
28. Show that the surface of revolution

r(u,v) = <u, V R% — w2 cos (v), v/ R? — 22sin (v)>

is a sphere of radius R. Determine the fundamental form of the surface and use
it to find K.
29. The helicoid is the surface parametrized by

r (u,v) = (sinh (v) cos (u) , sinh (v) sin (u) , u)

What is its fundamental form?

Ex_ 41: A Helicoid Ex_ 42- A Catenoid
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30. A catenoid is the surface parametrized by
r (u,v) = (cosh (v) cos (u) , cosh (v) sin (u) , v)

Show that it has the same fundamental form as the helicoid (exercise 29). What
does this mean?

31. Show that the helicoid is a minimal surface.

32. Show that the catenoid is a minimal surface.

33. The surface of revolution of y = f (x) about the z-axis can be parame-
terized by

r (u,v) = (v, f (v) cos (u) , f (v) sin (u))
Find the fundamental form and then use the Theorem Egregium to show that
the curvature of a surface of revolution is given by

" (v)
F) (1+17@)F)

34. The pseudosphere is a surface of revolution parameterized by

r(u,v) = <sin (u) cos (v), sin (u) sin (v) , cos (u) + In {tan (g)} >

Determine the fundamental form and then use the Theorem Egregium to show
that K = —1.

35. Euler’s Formula: Show that if k; occurs along r, (as it does along
the cylinder, for instance), then

K =

Kn (0) = K1 cos? (0) + ko sin? ()

36. Write to Learn: Write an essay in which you prove mathematically
that a minimal surface that is Gaussian flat must be a region in a plane. Then
use sketches and concepts to explain in your own words why Gaussian flat
minimal surfaces must be planar.

37. Write to Learn: Write a short essay in which you use the following
steps to prove that the Gaussian curvature K satisfies

(n, xn,) -n=K|r, X,

1. (a) Explain why r, - n =0, and then show that this implies that

Tyy N =—Ty, Ny, and Ty, -N=—T,; N,
Also, show that r, -n = 0 implies that r,, -n = —r, - n, and
Typ N = —T, - N,.
(b) A cross product identity says that if A, B, C, and D are vectors,

then
(AxB)-(CxD)=(A-C)(B-D)—(B-C)(A:-D)

Apply this identity to the quantity (n, x n,) - (r, x r,)
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(¢c) Use (a) and (b) to show that
(nu X n'u) . (ru X rv) = (ruu : Il) (rvv : Il) - (ruv : n)2

and that (ry, X 1)« (e X 1) = ||ru||? Iro]|* = (ry - 1)2.

(d) Conclude by explaining why

(n, X n,)-(ry, Xr,)

[[ru % I'v||2
and then derive the desired result.
38. Show that if we define K to satisfy the relationship
n, xn, =K (r, xr,)

then K is the Gaussian Curvature of the surface. You may assume that r (u,v)
is orthogonal, and you may want to use the steps (b) and (c¢) in exercise 35.

39. (Extends Exercise 41 in section 3-2). Stereographic projecton of a
sphere of radius R leads to a parameterization of the form

r (u,v) = < 2Ru 2Rv R (u? 4 v? — 1) > s

w4v2+1"u2+024+1" w2402+41

Show that ||r (u,v)|| = R for all (u,v). Then show that the fundamental form
is conformal, and calculate the curvature of the surface.

40. Find the principle curvatures of the Enneper Minimal Surface, which is
parameterized by

1 1
r(u,v) = <u — gu?’ + w?, §v3 —v— v, u? — v2>

Show that it is in fact a minimal surface. Also, show that the parameterization
is conformal and use the result to calculate the Gaussian curvature.

41. Any sufficiently differentiable parameterization of a surface can be trans-
formed into a conformal parameterization. Let’s explore this idea for surfaces
of revolution with parameterizations of the form

r (u,v) = (v, f (v)cos (u), f (v)sin (u))

In particular, show that if y (v) satisfies the differential equation

dy _ fW)
@1+ )P

then the parameterization

r (u,y (v)) = (y (v), f (y (v) cos (u) , f (y (v)) sin (u))
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is a parameterization of the original surface that is also conformal.
42. Use the result in exercise 41 to find a conformal parameterization of the
right circular cone, which is a surface of revolution of the form

r (u,v) = (v,vcos (u),vsin (u))

Then use the result in exercise 39 to compute the Gaussian curvature of the
right circular cone.
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